The Generalized Finite Element Method (GFEM) can be viewed as an extension of the Finite Element Method (FEM) where the approximation space is enriched by shape functions appropriately chosen. Many applications of the GFEM can be found in literature, mostly when some information about the solution is known a priori. This paper presents the application of the GFEM to the problem of structural dynamic analysis of bars subject to axial displacements and trusses for the evaluation of the time response of the structure. Since the analytical solution of this problem is composed, in most cases, of a trigonometric series, the enrichment used in this paper is based on sine and cosine functions. Modal Superposition and the Newmark Method are used for the time integration procedure. Five examples are studied and the analytical solution is presented for two of them. The results are compared to the ones obtained with the FEM using linear elements and a Hierarchical Finite Element Method (HFEM) using higher order elements.
The main characteristic of the HFEM is that when the order of the approximation is 
GENERALIZED FINITE ELEMENT METHOD

88
In the standard lagrangian FEM, the displacements inside a given finite element are approxi-89 mated by [7, 8, 23 , 42]
where u i are nodal degrees of freedom, N i are the polynomial shape functions, ξ is the local 91 coordinate system of the element and n is the number of shape functions.
92
In the context of the GFEM, the approximation given by Eq. (7) can be enriched by 93 considering an approximate solution given by
where ϕ j are enrichment functions and c j are the associated degrees of freedom. Here the 95 enrichment functions ϕ j are obtained using the PUFEM[31] as described by [3, 39] .
96
In the PUFEM the shape functions are given by the multiplication of a Partition of Unity Inside a finite element with local coordinates ξ = [-1,1] the PU can be written as
and 109 η 2 (ξ)
that are shown in Fig. 3 . The basis functions used here are the ones proposed by [3] . Inside a finite element with 111 local coordinates ξ = [-1,1] these functions can be written as
and
where β j is a parameter that allows the modification of the shape functions. The basis functions as to result in shape functions that are zero at the nodes of the finite element, as discussed 121 later.
122
In the context of modal analysis, an optimal value for β j can be estimated in order to 123 obtain best results for the approximation of a given fundamental vibration mode. An efficient accurate results.
126
The shape functions for a finite element can be obtained by the multiplication of the PU by 127 the basis functions, following the procedure described by [3] . The contribution from the patch 128 to the left of the finite element is given by the multiplication of v 4j−3 and v 4j−2 by η 1 . The
129
contribution from the patch to the right is given by the multiplication of v 4j−1 and v 4j by η 2 .
130
The resulting PUFEM shape functions are:
The nodal shape functions can be taken as η 1 and η 2 itself, that are the Lagrange linear 135 polynomials. The approximation space is then given by
where V GF EM is the approximation space of the GFEM used here, comply with wave propagation angles was presented by [9] , for a two dimensional problem.
163
The stiffness and mass matrices were obtained using analytical integration, by using soft-
164
ware for symbolic manipulation. These matrices were obtained for a finite element with ar- [4]and [17] .
173
The nodal degrees of freedom of the FEM, the HFEM and the GFEM (as presented here)
174
are the same and are related to nodal displacements. 
194
For a linear finite element of a planar truss the following coordinate transformation hold
where u' are the nodal displacements in local coordinates, u and v are the horizontal and
196
vertical nodal displacements in global coordinates and θ is the inclination of the bar.
197
The coordinate transformation for the HFEM and the GFEM follows the reasoning used 
ERROR EVALUATION
204
The error between the analytical solution u(x,t) and the approximate solution u h (x,t) for a
205
given position inside the bar x = x 0 in the time interval [t i ,t f ] can be defined as
In order to evaluate the error inside the entire bar one can integrate Eq. (22) along its length.
207
However, this procedure is not used in this paper because of the computational difficulties 208 involved in the evaluation of this integral.
209
Evaluating the error by using Eq. (22) may not be efficient in practice since the approximate 210 solution is generally known only at discrete time steps. However, an approximation for Eq.
211
(22) can be written as
where n t is the number of time steps used, ∆t is the time step used to obtain the approximate . André Jacomel et al / Structural dynamic analysis for time response of bars and trusses using the generalized finite element method 11
NUMERICAL RESULTS
220
Bar subject to initial displacements 221
The first example is that of a bar fixed at both ends and subject to initial displacements as This problem can be stated as [38] 228
that is a wave propagation problem with wave velocity c = 1m/s. The analytical solution can be found by separation of variables and by representing the initial conditions by a Fourier 231 series as described by [25] .
232
This example is first studied using Modal Superposition for a time interval of 20s and using André Jacomel et al / Structural dynamic analysis for time response of bars and trusses using the generalized finite element method 13 in the first column, the errors obtained by considering the first two modes are presented in the 243 second columns and so on. The errors from Table 1 are also presented in Fig. 9 .
244
It can be seen that the best results were not obtained by considering every fundamental 245 vibration mode of the structure. This is a general trend when dealing with Modal Superposition 246 because the higher vibrations modes of the structure may be poorly approximated by the 247 FEM [13] . Consequently, including the higher vibrations modes in Modal Superposition may 248 reduce the accuracy of the approximate solution.
249
From Table 1 and Fig. 9 it can be seen that the best results were obtained with the GFEM 
254
From Fig. 9 another interesting conclusion can be drawn. The inclusion of the fifth mode 255 improved the solution given by the GFEM, but worsened the solution given by the HFEM.
256
This seems to indicate that the higher modes are better approximate by the GFEM in this 257 case.
258
The same problem was also solved using 19 degrees of freedom. The mesh used for the 259 FEM is composed of 18 linear finite elements. The mesh used for the HFEM is composed 260 of 2 finite elements of order 9, by assuming 10 polynomial shape functions. For the GFEM element method the mesh is composed of two finite elements with 8 enrichment functions as given by Eqs.
262
(15)-(18), by assuming β 1 = 3π/2 and β 2 = 3π. The errors for these cases are presented in Table 2 and Fig. 10 .
264 Table 2 Errors obtained with 19 degrees of freedom for different numbers of modes considered in Modal Superposition. The results given by the FEM are very poor if compared to the two other methods.
Modes
1 2 3 4 5 6 7 8 FEM 0.3028
268
Bar subject to harmonic force
269
The second example is that of a bar fixed at one end and subject to a harmonic force at the the problem can be stated as [38] 275
The analytical solution of this problem is more difficult to obtain than the previous one since 277 the boundary condition representing the harmonic force is not homogeneous. The problem
278
can be solved using techniques described by [32] and is reproduced here since it was not found 279 elsewhere. Considering c as the wave velocity, the displacements are given by
where The errors for this example are presented in Table 3 and Fig. 13 . The best result was 294 obtained with the GFEM when considering 10 modes and corresponds to an error of 0.0258.
295
The best result obtained with the HFEM was also obtained with 10 modes, but the error in is very close to the analytical solution even in these cases. This example is also solved using 37 degrees of freedom. The FEM mesh is composed element method by 36 linear finite elements, the HFEM mesh is composed of 4 elements of order 9, and the 305 GFEM mesh is composed of two finite elements with 8 enrichment functions, by assuming β 1 306 = 3π/2 and β 2 = 3π. The errors for these cases are presented in Table 4 and Fig. 14 
303
312
The comparison between the errors obtained with the linear FEM from Table 3 and Table   313 4 indicate that the errors remained almost the same when more degrees of freedom were used.
314
Even if this result seems contradictory, since one expects the errors to be reduced when the 315 approximation is improved, the reason for this occurrence can be found by comparing the Superposition by including all fundamental modes in the analysis. The error imbued by the 328 higher modes when using direct integration methods must then be reduced by using appropriate 329 time steps or some kind of numerical damping [7, 23] .
330
In this context, the numerical damping that occurs when some time integration schemes 331 are used (note that not all time integration schemes give numerical damping) can be beneficial,
332
since the influence of the higher vibration modes (that are poorly approximated) can be damped 
342
The results presented for the previous two examples indicate that the GFEM was able to 
Truss subject to harmonic force
349
The third example is that of the truss from Fig. 16 , that is subjected to a harmonic force and 
360
The problem is solved using the Newmark method (with α = 0.5 and δ = 0.25) with a time 3π/2 and β 2 = 3π when 10 shape functions are considered.
367
The vertical displacements at node 1 from Fig. 16 for ω = 5000rad/s are presented in Fig.   368 17. In this case it can be seen that both the HFEM and the GFEM obtained the same results 
378
The vertical displacements at node 1 for ω = 10000rad/s are presented in Fig. 19 . The 
386
The vertical displacements at node 2 for ω = 10000rad/s are presented in Fig. 20 
Bar subject to impact load
394
The fourth example is that of a bar subject to an impact load. The bar is initially at rest and 395 is subject to the same boundary conditions as shown in Fig. 11 . The properties of the bar are 396 now E = 210GPa, A = 0.001m 2 , ρ = 8000kg/m 3 and L = 1m.
397
The time dependent load is given by
where f is the force magnitude and t f is the time when the force stops. This applied force is 399 as shown in Fig. 21 and is used to model the impact load. functions are used. Note that the bars cannot be divided in two without creating an unstable 427 structure and consequently it is not possible to refine the mesh when using the linear FEM.
428
The vertical displacements at the node put in evidence in The results given by the HFEM and the GFEM with 6 and 10 shape functions cannot be Superposition, while errors from the finite element method can be reduced by using a more 449 accurate approximation.
450
The GFEM allows one to use an enriched approximation for the displacements that is easy 
458
The results presented here indicate a strong potential of the GFEM for problems from 459 structural dynamics. The extension of the approach proposed in this paper to beams and two 460 dimensional problems will be subject of future works. 
